We de ne a computable function f from positive integers to positive integers. We formulate a hypothesis which states that if a system S of equations of the forms x i · x j = x k and x i + = x k has only nitely many solutions in non-negative integers x , . . . , xn, then the solutions of S are bounded from above by f ( n). We prove the following: (1) the hypothesis implies that there exists an algorithm which takes as input a Diophantine equation, returns an integer, and this integer is greater than the heights of integer (non-negative integer, positive integer, rational) solutions, if the solution set is nite; (2) the hypothesis implies that the question of whether or not a given Diophantine equation has only nitely many rational solutions is decidable by a single query to an oracle that decides whether or not a given Diophantine equation has a rational solution; (3) the hypothesis implies that the question of whether or not a given Diophantine equation has only nitely many integer solutions is decidable by a single query to an oracle that decides whether or not a given Diophantine equation has an integer solution; (4) the hypothesis implies that if a set M ⊆ N has a nite-fold Diophantine representation, then M is computable.
Introduction and basic lemmas
The height of a rational number 
Open Problem 1. Is there an algorithm which takes as input a Diophantine equation, and returns an integer such that this integer is greater than the moduli of integer (non-negative integer, positive integer) solutions, if the solution set is nite?

Open Problem 2. Is there an algorithm which takes as input a Diophantine equation, and returns an integer such that this integer is greater than the heights of rational solutions, if the solution set is nite?
Lemma 1. For all non-negative integers b and c, we
A hypothesis on the arithmetic of non-negative integers
Let Gn = {x i · x j = x k : i, j, k ∈ { , . . . , n}} ∪ {x i + = x k : i, k ∈ { , . . . , n}}.
Let f ( ) = , and let f (n + ) = f (n) for every positive integer n. Let θ( ) = , and let θ(n + ) = θ(n) for every positive integer n.
Hypothesis 1.
If a system S ⊆ Gn has only nitely many solutions in non-negative integers x , . . . , xn, then each such solution (x , . . . , xn) satis es x , . . . , xn f ( n).
We note the following two observations justify Hypothesis 1.
Observation 1.
For every system S ⊆ Gn which involves all the variables x , . . . , xn, the following new system Proof. It follows from Lemma 1.
Observation 2. For every positive integer n, the following system
has exactly two solutions in non-negative integers, namely
The second solution has greater height.
Observations 1 and 2, in substantially changed forms, remain true for solutions in non-negative rationals, see [1] . Proof. The left side of equation (1) minus the right side of equation (1) equals (z + )(x + y − z).
Algebraic lemmas
Let α, β, and γ denote variables.
Lemma 3.
For non-negative integers, the equation x + y = z is equivalent to a system which consists of equations of the forms α + = γ and α · β = γ.
Proof. It follows from Lemma 2. 
There exists a positive integer a and a nite non-empty list A such that
There exists a positive integer b and a nite non-empty list B such that
By Lemma 3, we can equivalently express the equality of the right sides of equations (2) and (3) using only equations of the forms α + = γ and α · β = γ. Consequently, we can e ectively nd the system T.
Lemma 4 remains true for solutions in non-negative rationals, see [1] . 
Hypothetical upper bounds on the heights of the solutions
Lemma 5. 
If the equation W(x , . . . , xn) = has only nitely many rational solutions (x , . . . , xn), then the equation W(x , . . . , xn) = has only nitely many solutions which are non-negative and rational. By Lemma 6, it means that the system
has only nitely many solutions in non-negative integers y , z , s , t , u , . . . , yn , zn , sn , tn , un. System (6) is equivalent to a single Diophantine equation. By Lemma 4, this equation is equivalent to a system of equations of the forms α · β = γ and α + = γ. Next, we apply Theorem 1.
Finite-fold Diophantine representations
The 
is computable. 
Theorems on relative decidability
Conjecture [5, p. 372] There is no algorithm for listing the Diophantine equations with in nitely many solutions in non-negative integers.
Theorem 6. Hypothesis 1 implies that there exists an algorithm for listing the Diophantine equations with in nitely many solutions in non-negative integers.
Proof. It follows from Theorem 1. By Theorem 4, Hypothesis 1 implies Hypothesis 2.
Corollary 1. Hypothesis 1 implies that d(inf
Hypothesis 2. There exists an algorithm which takes as input a Diophantine equation D(x , . . . , xp) = and returns an integer b , where b is greater than the number of rational solutions, if the solution set is nite.
Guess [9, p. 16 
has only nitely many integer solutions. Proof. Assuming that Hypothesis 4 holds, Lagrange's four-square theorem guarantees that the execution of the owchart in Figure 1 decides whether or not a Diophantine equation D(x , . . . , xp) = has only nitely many integer solutions. 
